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Objectives

There has been considerable interest in recent times in achieving consensus in swarms of agents using
simple strategies. Work in this area has ranged from completely autonomous agents to partially
autonomous agents, with several different frameworks for communication and information. In this
proposal we intended to address the consensus problem where there is a centralized decision-maker
which conveys action plans to the swarm members with the constraint that the action plan is broadcast to
the members of the swarm, as against individual control actions by each agent. This implies that each
member of the swarm receives exactly the same action advice and implements the same. However, the
system is not autonomous in the sense that the information about the agents’ states is available to the
centralized decision-maker through its own sensing devices. We formulate the problem as one in which
the central decision-maker has information about the states of the swarm members. This information is
assumed to be obtained by the decision-maker using its own sensor suite. On the other hand, the swarm
members have no global information. Their information is local and is restricted to a reduced state in
their own local co-ordinate system. They are capable of receiving instructions through broadcast and
implementing them in their local reference frame. The problem we address is to determine a strategy for
the decision-maker so that it can broadcast an action plan to all the swarm members at some frequency.
The objective is to bring about a consensus among the swarm members by having them implement the
broadcast instruction. A further objective was to design a strategy that would require minimal
computational time.

Status of effort

In our work we were able to design a strategy based on a randomization algorithm and a simplified linear
programming formulation to achieve positional consensus among a fairly large number of agents using a
reasonably small computational effort. Several strategies were examined and algorithms developed and
evaluated and the results have been reported. In addition we have also designed a consensus algorithm in
which each agent takes its decision autonomously. We have shown that the computational time
advantage is obtained even for this case if we resort to a linear programming formulation instead of a the
standard non-linear formulation that researchers have used earlier.

Abstract

This work addresses the problem of achieving rendezvous in a multi-agent system under various
information paradigms. We consider two classes of algorithms (i) Broadcast based algorithms and (ii)
Distributed control algorithms. In the first we consider both the centralized and decentralized cases. In
the centralized case each agent is homogeneous and all agents are controlled by the same broadcast
command from a centralized controller. This method has low communication cost. In the decentralized
case each agent computes its control using the information it obtains from its neighboring agents and
shares its control with its neighbours through a broadcast command. In the second case we consider each
agent to implement its own control based on information gathered from its neighbours through a limited
sensing capability. We show that in the distributed control algorithm, a modification in the decision
domain of the agents yields significant benefits in terms of computational time, when compared with
standard algorithms available in the literature. Moreover, we also show its straightforward application to
higher dimensional problems which is a considerable improvement over available algorithms in the
literature.

Some recent work in the literature, using ideal deterministic models for mobile robots, with its model
based on an actual MEMS micro-robot, has shown that it is possible to achieve point convergence in this
framework for two robots and to achieve limited consensus. But perfect positional consensus cannot be
obtained for larger number of robots. In the literature, an optimization problem was formulated that
minimizes the maximum distance between swarm members. However, the formulation and the solution
suffer from two important drawbacks. One is that the swarm members cannot achieve point convergence
(or perfect consensus) even after repeated application of the strategy. They can only be brought within a



certain distance of each other and no closer. The second drawback is that the optimization is rather time
intensive and needs non-standard optimization techniques and software such as SOCP (second order cone
programming) to obtain a solution. In our work we propose a solution for both the above drawbacks. In
the case of the first drawback (that is, non-achievement of consensus) we propose a strategy that has a
randomness function built into the broadcast command that will eventually help the swarm to achieve
point convergence without relaxing the broadcast command paradigm of the original problem. In the
second case (that is, large computation time), we will propose a LP (linear programming) based
algorithm that is less computationally intensive than the SOCP based algorithm.
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Positional Consensus in Multi-Agent Systems using a Broadcast Control
Mechanism

Kaushik Das and Debasish Ghose

Abstract—1In this paper a strategy for controlling a group
of agents to achieve positional consensus is presented. The
proposed technique is based on the constraint that every agents
must be given the same control input through a broadcast
communication mechanism. Although the control command is
computed using state information in a global framework, the
control input is implemented by the agents in a local coordinate
frame. We propose a novel linear programming formulation
that is computationally less intensive than earlier proposed
methods. Moreover, we introduce a random perturbation input
in the control command that helps us to achieve perfect
consensus even for a large number of agents, which was not
possible with the existing strategy in the literature. Moreover,
we extend the method to achieve positional consensus at a
pre-specified location. The effectiveness of the approach is
illustrated through simulation results.

I. INTRODUCTION

The principle of using multiple agents is motivated by
the idea that instead of using a highly sophisticated and
expensive robots, it may be advantageous in certain situations
to use a group of small, simple, and relatively cheap robot.
The group of agents can be used to accomplish various
tasks in different environment such as tactical operations,
exploratory space missions, remote monitoring with mobile
sensor networks, avoidance of collision and over-crowding
in automated air traffic control, cleanups of toxic spills, fire
fighting and cooperative search with unmanned air vehicles.

One of the problems that is of paramount importance in
multi-agent systems is that of achieving consensus, that is,
achieving identical values for some specified subset of the
states of the agents. For instance, the agents may try to
converge to the same direction of movement [1] after some
time or they might want to converge to a point. Both are
problems in achieving consensus. If we have a centralized
system with perfect information then achieving consensus
is a trivial matter, since the central controller can instruct
each agent suitably to reach a common consensus point.
However, if the communication system has a constraint on
the number of messages that it can communicate, then one
may opt for a broadcast protocol where the central controller
will communicate simple and identical instructions to all the
agents through a broadcast mechanism. We further impose
the additional constraint that each agent can interpret the
control command only in its local coordinate frame or local
state space. Only the central controller has access to the

K. Das is a Research Scholar and D. Ghose is a Professor in the Guidance,
Control, and Decision Systems Laboratory in the Department of Aerospace
Engineering, at the Indian Institute of Science, Bangalore 560012, India
kaushikdas+dghose@aero.iisc.ernet.in
This project is supported by an AOARD/AFOSR grant.

978-1-4244-4524-0/09/$25.00 ©2009 AACC

global states of the system. Some of these constraint are
common to other problems of a similar nature (for instance,
see [2], [3], [4], [5D.

This problem was motivated by a recent paper by Bretl
[6] where a control strategy for a group of micro-robots is
developed to perform a useful task even when every robot
receives the same control signal. The paper considers point
robots with simple kinematics. It was shown that when
there are only two agents, there exists a broadcast control
command (that is, both agents receive identical instructions
from the central controller) using which both agents can meet
at the same location at the same time, for almost all initial
conditions. However, if the number of agents is more than
two, then the best that the agents can achieve is to come
close to each other within a certain distance (measured by
the radius of the smallest disc that contains all the agents
positions), which is a function of the initial conditions. Bretl
[6] formulates this problem as an optimization problem that
minimizes the radius of the disc, and proposes a solution
using the second order cone programming (SOCP) technique
[8]. However, using this strategy the agents cannot be made
to converge to a point. Once the solution of the SOCP is
implemented, no further improvement is possible. Bretl’s
paper was in turn motivated by an interesting paper by
Donald et al. [7] on the development of untethered, steerable
micro-robots, where every robot receives the same power and
control signal through an underlying electrical grid.

Our paper makes several specific contributions. The first
is to propose a strategy that uses the basic Bretl’s model
with an additional randomization feature that allows large
number of agents to achieve positional consensus or point
convergence on repeated application of the algorithm with-
out compromising the broadcast constraint on the control
command. The second contribution is that our method can
be extended to the case where the agents can be made to
converge to any pre-specified point. The third contribution is
to propose an optimization problem for this task that is based
on a linear programming formulation. This allows standard
and easily available software to be used for obtaining the
solution. Moreover, this formulation also retains the property
that the number of decision variables, whose values are to be
communicated to agents, remains unchanged even when the
number of agents increases. Finally, we also propose some
interesting properties related to the positional formation of
agents when the LP based strategy is applied iteratively.

It is worth noting that the randomization feature in the
algorithm has some similarity with the random perturbation
used in Viscek’s model [1]. Vicsek et al. [1] propose a simple
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but compelling discrete time model of n autonomous agents
(points or particles) all moving in the plane with constant
speeds but with different headings. Each agent updates its
heading using a local rule based on the average of the
headings of its neighbors plus some random perturbation.

The paper is organized as follows: In Section II we
consider two agents and show that it is possible to move
two agents to a common location using identical control.
In Section III we formulate a linear programming problem
for minimizing the proximity between agents by using iden-
tical broadcast control. In Section IV we have discussed
some results on the formation of the agents after the linear
programming solution is implemented. In section V we
introduce the notion of iterative solution of the problem by
repeated use of the LP algorithm and show that introducing
a random perturbation in the broadcast mechanism leads to
point convergence of the agents by repeated application of
the LP technique. In Section VI we present a modification
of the algorithm to ensure that the swarm of agents converge
to a pre-specified point. In section VII we show several
simulation results that illustrate the salient features of the
proposed algorithm. Section VIII concludes the paper with
a discussion of possible future directions of research.

II. FORMULATION AND SOLUTION FOR TWO AGENTS

We will first pose the problem in a general framework
and then address the two agents case to clarify many of the
assumptions and concepts discussed in the previous section.

Assume that n agents are located on an obstacle-free
plane. We assume that the central controller has access to
the global state of the system which, in this case, consists
of the position (z; € R?) and orientation (§; € (—m,n]) of
the agents, ¢ = 1,...,n. The central controller computes
a common local control for the agents and broadcasts it to
the agents for implementation. The local control is in the
form of a tuple (6, d), which is interpreted by each agent in
its local frame of reference. Here, 0 refers to the angle by
which each agent changes its orientation, and d is a scalar
that refers to the distance by which each agent moves after
effecting the orientation change. Note that, the broadcast
mechanism (6, d) is the same for all the agents. Also, the
local frame of reference for each agent is centered at the
agent’s location and its reference axis is oriented along its
current orientation. As an illustration see Fig. 1, where agents
are shown located initially at ;o with initial orientation ;¢ in
the global reference frame. If the control command broadcast
to all the agents is (0, d), then the agents implement it in
their local coordinate frame by each of them changing their
orientation by the same angle # and advancing by the same
distance d to reach the final destination ;. Even in this
figure it can be seen that by doing this the agents have come
closer to each other. Our objective is to determine a (6, d)
such that the agents can achieve the closest proximity with
each other.

Theorem 1: For two agents, for all initial conditions of the
agents except when 619 = 620, there exists a control (0, d)
using which point convergence can be achieved.

Fig. 1. Basic configuration

Note that this result is also available in Bretl [6] and is
stated here for completion. The above theorem shows that it
is possible to use a broadcast control command to make two
agents meet at the same location simultaneously for almost
all initial conditions. However, the solution is also unique
and hence the location of the meeting point cannot be chosen
arbitrarily. One can also interpret this result by noting that
the final meeting point is on the Voronoi edge (equidistant
line) between the two initial positions of the agents. It can
be shown that only one unique point on the Voronoi edge
satisfies the requirement that the orientation change angle
is the same for both the agents (see Fig. 2). The point p
moves on the equidistant line from —oco to +o0o and the
corresponding orientation angle change 6 is plotted for the
two agents. The intersection of the two curves is the unique
control command point. It can be seen that when the number

10

-Inf

Fig. 2. Voronoi interpretation
of agents is more than two, each pair gives rise to a different
unique meeting point. Thus, there does not exist a common
control command to be broadcast so that all the agents meet
at a point. In the absence of such a command, the best that
can be done is to determine a (6, d) which brings the agents
in closest proximity with each other. Note that in this case
(0, d) may not be unique.

In the next two sections we will propose solutions to
overcome both the drawbacks without compromising the
broadcast based control mechanism.

III. A LINEAR PROGRAMMING FORMULATION

Let the initial position and initial orientation of the n
agents be x;90 = (pi1 pe) € R? and 0; € (—m, 7],
respectively, for all i € {1,...,n}. As before, we define the
control command to be broadcast as (6, d). We define our
performance measure as the half length, denoted by » > 0,
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of the side of a square oriented along the global coordinate
frame, and containing all the final positions of the agents.
Let this square be centered at z = (21, z) € R2.

Assuming that all the agents execute the command (6, d),
their final positions, given by z;r = [¢;1 ¢i2] € R? will be,

d
xif = o+ R(0io)R(0) [ 0 ] (1
That is,
qi1 _ Di1 cosf;y —sinby Uy
[ iz ] B [pm ] * [ sinfip  cosbio ] [ U } @
where, u; = dcosf and us = dsinf are the control

variables that replace (0,d). Note that Eqn. (2) are linear
equations. Now, we formulate the linear programming prob-
lem as,
Minimize r
Subject to
—r < i +upcosby —uzsinfyy — 2z <r (3)
—1r < pio+upsinb;p +ugcosbip —z0 <r (4)
1=1,...,n.
r>0 (5)

The above is a linear programming problem with the
decision vector as (r, z1, 22, u1,us). Note that the decision
vector remains same irrespective of the number of agents.
Only the number of inequality constraint increases with the
number of agents. Also, note that z1,22,u17 and uy are free
variables and can take both positive or negative values.

IV. SOME RESULTS ON THE FORMATION OF AGENTS

After executing the LP the distance between 7 and j agent
along x-axis and y-axis will be

de,; = (pi1 — pj1) + d(cos(0; + 0) — cos(0; + 0))

dyij = (pil - pjl) + d(bln(el + 9) — bln(@] + 0))
= (pi1 — pj1) +dS )

where, C' = (cos(0; +6) —cos(8; +0)), S = (sin(0; +6) —
sin(6; +0)) and i, € {1...n}. Thus the resulting distance
along z-axis and y-axis are dictated by the value of C' and
S.

After executing the LP, the new formation of the agent
obtained is of interest. Below, we investigate some properties
of the formation. For this let us define the span of the
formation along X and Y axis as follows: Let (z;,y;) be
the position of the agents, where ¢ € I = {1,...,n}.
Then define @4, = max{x;}ics, Tmin = min{x;}icr,
Ymaz = max{y;}icr and Ypmin = min{y;},cr. Then the
span of the formation along the X and Y axis are given by,

S:r = Tmaz — Tmin
Sy = Ymaz — Ymin

The formation is said to be square if S, = S, and rectangular
otherwise. Essentially, the spans are the length of the sides

of the minimal rectangle that contains the position of all the
agents. Note that the LP problem attempts to minimize the
quantity r = max{S,, Sy }.

We first consider a very special case with three agents.
Let us assume that minimal formation by three agents is a
rectangle and not necessarily a square where S, = S,,. Then,
there are four way in which this can be occur. This is shown
in Figure 3.

(© (d)

Fig. 3. Rectangle formation by three agents (a) Two agents at corner, one
in the interior (b) Two agents at corner, one on edge (c) All the agents at
corner (d) One agent at a corner and two agents on edges

Before we prove some general results on the formation of
the agents after the LP is executed we will state a lemma
that will be useful to prove the main results.

Lemma 1: If C' = cos(0; + 6) — cos(0; + 6) then there
exists a 6 such that C' < 0 where 6;,60; € (—, x| and
0; # 0;.

Proof: Let, 0 = (m — (%) — A¢). After replacing
6 in C = cos(#; + 0) — cos(f; + 0) we will get C =
-2 sin(eigej )sin(Ag). It is clear from the expression that
we can make C' < 0 by choosing A¢ properly. ]

Theorem 2: After executing the LP, square is the optimal
formation for three agents.

Proof: We will prove this by contradiction. Suppose
after executing the LP, the optimal formation is a rectangle.
Let the position and orientation of the three agents be x;y =
(pio1,pio2) € R? and 6;p € (—m, 7], respectively, for all
i € {1,2,3}. Let agents k and [ be on the left edge and
right edge of the rectangle. Without loss of generality, we
can assume Syo > Syo and Ad < 1min{(S,0 — Syo), |
Pio1—Djo1 |}, where 4, j € {1,2,3}. Let us define a broadcast
control command (0, Ad) such that Ad > 0 is very small.
After broadcasting (Ad, 0), for some 6, the new positions
will be

pi11 = pio1 + Adcos(0io + 0)
pi12 = pio2 + Adsin(0;o + 0)
The new dimensions of the rectangle are given by S,; and
Sy1, where Su1 = pri1 — prii- As Sz > Syo and Ad <
1 min{(Sz0 — Syo). | Pio1 — Pjor |} then Sy1 < Sya.
Sy1 = Szo + Ad{cos(0y + 0) — cos(0; + 0)}
= Sz0 + AdC
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According to Lemma 1, there always exists § such that C' <
0. As C < 0 then S;1< Szo. This implies that there exist a
broadcast command (Ad, #) such that the maximum length
of the sides of the rectangle can be further reduced. This
implies that the optimal solution of the LP problem for three
agents can not yield a rectangle. It has to be a square.

This proof is valid for Fig. 3(a), 3(b) and 3(d). The proof
for Fig. 3(c) will be taken care of by the next Theorem.

|

Theorem 3: When the initial conditions are such that only
one agent is on one edge of the longer span and m agents
(m > 1) are on the other edge of the larger span, then the
LP solution leads to a square formation.

1 (==} ==Y
1
I
Yim
“\ Sy /“’min
1 v | T
| = =
T S)(
(a) (b)

Fig. 4. An illustration for the proof of Theorem 3.

Proof: Consider Fig. 4 where S, > S,,. The X distance
between agent j and the other m number of agent S, =
pj1—pi1, where i € {1,...m}. Let Ad < £(S, —S,). After
broadcasting (Ad, ), the new dimensions of the rectangle
are S, and S,,. Since Ad < (S, — S,), we have S, < S,.
We can write

S, = pj1 — pi1 + Ad(cos(0; — ) — cos(6; — 0))

where ®; = (@) and R is a positive quantity. For a
particular 6; we will get a set of angles {®,} for m agents.
Let ®,,,,, = max{®;} and ®,,;, = min{®;}. Note that 6,
is fixed here. Let ;; contribute to ®,,,, and 6,2 contribute
to ®,,:n. Then @0, = w and ®,,,;, = w. So
Doz — Poin = % < . We will get S; < S,, when
sin(®; + 0) < 0. The set of angles {®;} will be within a
bounded envelope of (0,7) as P40 — Prnin € (0, 7). Then
there always exist an angle 6 such that all the envelope will
come in the lower two quadrants such that all sin(®; +6) <
0. This implies that there S, < S,. Thus the LP solution
cannot yield a rectangular formation since there will be
another formation which can be achieved by broadcasting

and which will have a smaller value of max{S;,S,}. ™

However, there may not exist a solution when
the number of agents on the opposite edges are
more than two. As an example we can show
that four agents with position and orientation of

((4.004,3.9128),0°), ((4.015,2.8264), 5°),((0.0024, 0.9302)
,—1°) and ((0.0049,1.9007),0.7°) will be move to
((5,4),57%, ((5,3),10%),  ((1,1),4°),  ((1,2),5.7°).
Although r decreases from 2.0064 to 2 but S, # S,. The
reason behind this can be explained as follows:

Let agent j and k be on one edge and a set of agent {i} on
the opposite edge where ¢ € {1,...,m}. For agent j there
will be a set of angles {®;;} and for agent k there will be
a set of angles {®;}. For agent j, ®,,4,, = max{®;;} and
P@pnin; = min{®;;} and for agent k, @42, = max{ P}
and @i, = min{®;;}. The range of P4z, — Prnin,
and @z, — Pmin, Will both be (0, 7). Now, the range of
max{{@ij} U {ézj}} —mln{{q)”} U {‘b”}} will be greater
than (0, 7). In which case there does not exist any common
0 such that the X or Y axis distance will be reduced. They
will remain at the same position after executing the LP.

Theorem 4: If the solution of the LP problem yields a
square formation then the number of agents on the boundary
of the square is more than two.

Fig. 5. An illustration for the proof of Theorem 4.

Proof: We will prove this by contradiction.Let, the
number of agent on the square are two and they are located at
diagonally opposite corners. The other agents are the interior
of the square. For the sake of simplicity we will consider
only three agents. This is given in Fig. 5,where M N is the
Voronoi edge between agents located at A and B. According
to Theorem 1, there always exists (6, d) such that they can
meet at an unique point on the Voronoi edge (M N). Let
the unique meeting point be F'. Let us define a very small
positive quantity Ad such that Ad < min<{n:,m2, 13,74 }.
After broadcasting (6, Ad) the agents will move from their
positions. The new position of agents A and B are C and
D, respectively. The interior agent will remain in the interior
of the square. C'D is the new diagonal of the square. We
can show that AABF ~ ACDF and so CD|AB and
CD < AB. This implies that further improvement of the
square is possible. This is a contradiction. |

V. ACHIEVING PERFECT CONSENSUS

The solution of the linear programming (LP) problem will
yield control instructions which can be broadcast to all the
agents. The agents will move to a new position or within a
new square region of smaller area. It can be shown that no
further improvement of the performance (reduction in r) can
be achieved by repeated use of the algorithm. In other words,
repeated application of the LP algorithm with the new final
positions will not reduce the value of r any further.

Suppose we represent the LP algorithm as an operation L
on the initial conditions that yields the solution as,

L($i0,9i0|i = 1, e 7n) = (u{,u;r*,xif,&f) (9)
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then,

L(Zif,eifu:].,...,n):(O,O,T’*7:L'if,0if) (10)

That is, there will be no further change in the performance
measure 7. In other words, (x;f, ;) is a stationary point so
far as the LP algorithm is concerned.

We can generalize this process by assuming that each step
in the iteration is denoted by the index k, with the first step
in the iteration as k = 1. We call this the unperturbed case as
the solution of the LP is directly implemented by the agents
without any perturbation to the solution.

Theorem 5: In the unperturbed case, for k > 2, u*l‘,k =
uS,k =0 and z; 41 = 2 k; 0 k+1 = 6; . This means that
repeated use of the LP solution on subsequent positions will
not reduce r.

Proof: We will prove this by contradiction. Suppose
for a given initial condition (z),,6},) we have r = rq as
the measure of proximity of the agents. Applying the LP
algorithm we obtain u%*,u%* r1, and the final positions
as (z} ,01-1f). Now, considering the initial conditions as
(z3,0%) = (xi;,0};) and applying the LP algorithm let
us assume that we get u?* # 0,u3* # 0, ro < 71,
and the final positions as (xff,ﬂff). Then, let us define
@; = ul* +u?*, i =1,2. It can be shown that if in the first
step 4; is used it would yield a r = ry < 71, which implies
that 1 was not a solution to the LP. This is a contradiction.

|

Now, consider a perturbed case where, the agents receive
a broadcast command containing the LP solution and a
command to randomly perturb the final orientation angle
after the LP solution has been implemented. This process
is shown in Figure 6, where, the orientation angle, after
implementing the LP solution is perturbed by each agent

as follows,

Oi k41 = 0i k1 + Vi ky1

(an

where, the perturbation angle v; ;41 is given by v; 41 =
1;0. m; is a random number generated by each agent inde-
pendently and  is a scaling angle which is common to all
the agents. The scaling angle can be set manually and 7 can
be generated through various distributions. Here, we consider
both normal distribution and uniform distribution.

4 ket 01 ke 1)
%ik
: Lp P U4 et Moger )
ik Sk >
Vik
ket O ket)
Global Broadcast Local Global _y 1 020!,

Fig. 6. The perturbed case

VI. ACHIEVING POSITIONAL CONSENSUS AT DESIRED
POINT

In the previous section, we consider the problem of posi-
tional consensus, but did not have control over at which the

agents can meet. Suppose we have a pre-specified meeting
point then we can achieve this by slightly modifying the
previous formulation. In this modified form we define the
meeting point as the center of the agent formation and is
denoted by (z1, 22). Now the input to the LP are the initial
positions, initial orientation and the meeting point. We can
formulate the modified linear programming problem as,

Minimize r

Subject to

—r < pi1 +upcosby —ussinbg — z; < r (12)
—r < pio + upsinfig + ug cos B9 — 29 < r (13)
t=1,...,n.

r>0 (14)

The above is a linear programming problem with the
decision vector as (r,u1,us). Note that the number of
decision variables has reduced over the previous formula.
In the next section we will give simulations results.

VII. SIMULATION RESULTS

In the first set of simulations we start with three
agents. Initially we consider ((1,1),45°), ((5,4),135°), and
((2,6),—45°) as the initial position and orientation angle
of the three agents. Using the perturbation technique, with
normal distribution for 77 and a scaling angle of § = 120°,
the agents converge to a point after a few iterations (see
Fig. 7). The variation in the = and y coordinates of the
three agents against the number of iterations are also shown.
The convergence criterion for terminating the simulation was
when the value of r became less that 2 x 10~%. We continue

5|
2 !
é —
>‘- 8 05
- » - Agent-1
2| - x - Agent-2
, —— Agent-3
i 3 5 "o 10 15 25
X-AXIS ITERATON
(a) (b)
Fig. 7. Consensus with three agents (a) Trajectory of the agents (b)

Reduction in 7 with iteration

with our study with three agents. In Fig. 8 we plot the average
number of iterations needed, and the average length of path
traveled by each agent, to achieve convergence, as a function
of the scaling angle (3 for the two cases when the random
number 7 is generated by a uniform distribution or by a
normal distribution. These results are given by averaging
over 200 trials. We also plot the standard deviations. From
these results we can conclude that using larger scaling angle
reduces r faster than when the scaling angles are small. Also,
using normal distribution gives better results than uniform
distribution.

Next, we consider larger number of agents (10 and 15).
We use normal distribution and scaling angle of 180° for
the perturbation. The convergence criterion is also relaxed
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Fig. 8. Convergence results (a) Average number of iterations (b) Average

length of path (c) Standard deviations for number of iterations: Uniform
distribution (d) Standard deviations for number of iterations: Normal dis-
tribution (e) Standard deviations for path length: Uniform distribution (f)
Standard deviations for path length: Normal distribution

to 7 < 0.1. The results are shown in Figure 9. These results
show that the computation time and the number of iterations
rises with the number of agents. This is expected since
the complexity of the algorithm is same as that of the LP
algorithm.

To demonstrate the result that the agents can be meet
any pre-specified point, we consider same set of initial
position and orientation angle( ((1,1),45°), ((5,4),135°),
and ((2,6),—45°) ) of the three agents. The meeting point
we set as origin (0, 0). The result is illustrated in Fig. 10.

VIII. CONCLUSIONS

In this paper we considered the problem of controlling a
group of agents to converge at a location using only broadcast
control input (identical control) for all the agents. The results
shows that it is possible for a group of agents to meet at a
location by sending them a sequence of simple and exactly
identical instruction. The location point can be pre-specified.
We were able to show that introducing a perturbation in
the broadcast command helped to achieve point convergence
which was not possible earlier. We also proposed a novel
linear programming based solution approach that is compu-
tationally less intensive than the SOCP technique proposed in
the literature. There are several opportunities for future work
in this direction. It seems possible to extend this work to
consider process noise, sensor uncertainty, and the presence
of obstacles in the environment. Moreover, the algorithm can

r
Y-axis position

B0 100 120 140 160 180 B R o 1 PR —
Iteration

0 20 a0 &0

X-axis position

(a) (b)

Y-axis position

500 1000 2000 2500 3000 15 2 25

() (d)
Fig. 9. Convergence results (a) r vs number of iterations for 10 agents

(b) Trajectory for 10 agents (c) r vs number of iterations for 15 agents (d)
Trajectory for 15 agents

6 6
4 , 5
» 2 T ¢
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I o \ =
> I
| 2
-2
~ =~ Agent-1 4
- x - Agent-2
-4 Agent-3
6 4 —=2_ o0 2 6 % 40 80
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Fig. 10. Consensus with three agents at specified point (a) Trajectory of
the agents (b) Reduction in 7 with iteration

most probably shown to be robust to failures in terms of
packet loss or failure of agents.
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Abstract:  In this paper we present a modified broadcast control algorithm for controlling a
group of homogeneous agents to achieve positional consensus. We make an assumption that
the agents are capable of generating a flag which indicates whether agent will be active or pas-
sive. This proposed technique is based on the constraint that all agents must be given the same
control input through a broadcast communication mechanism. The control command is com-
puted using state information of active agents or active and passive agents in a global frame-
work. The control input is implemented by the active agents in a local coordinate frame. We
propose some modified broadcast control mechanisms based on linear programming with or
without introducing random perturbation in the orientation of the active agents. We show that
even without introducing perturbation in the orientation angle positional consensus is possible

if we adopt random flag setting. We make a comparison between several algorithm that have
been designed as combinations of the two randomization mechanism. Moreover, we extend
the method to achieve positional consensus through this modified algorithm at a pre-specified
point. The effectiveness of the approach is illustrated through simulation results.

Key words: Multi-agent systems, Linear Programming, Broadcast Communications

1. INTRODUCTION a common consensus point. However, if the communication
L . . . . system has a constraint on the number of messages that it
_ The pr||_’10|ple of using multu_)le agents .|s.mot|vated by the .o communicate, then one may opt for a broadcast proto-
idea that instead of using a highly sophisticated and expensy| \yhere the central controller will communicate simple and
sive agent, it may be advantageous in certain situations t0 Ugentical instructions to all the agents through a broadcast

a group of small, simple, and relatively cheap agents. The,echanism. This is the framework in which we address the
group of agents can be used to accomplish various tasks

X X ; . Hoblem of consensus in this paper. Other papers that address
dlﬁerentgnylronment such as.tac.t|cal qperauo_ns, exploratory ijar problem are [2, 3, 4, 5].
space missions, remote monitoring with mobile sensor net-
works, avoidance of collision and over-crowding in auto- This problem we address in the paper was motivated by a
mated air traffic control, cleanups of toxic spills, fire fighting recent paper by Bretl [6] where a control strategy for a group
and cooperative search with unmanned air vehicles. of micro-robots is developed to perform a useful task even
One of the problems that is of paramount importance inwhen every robot receives the same control signal. The paper
multi-agent systems is that of achieving consensus, that igonsiders point robots with simple kinematics. It was shown
achieving identical values for some specified subset of théhat when there are only two agents, there exists a broad-
states of the agents. For instance, the agents may try to copast control command (that is, both agents receive identi-
verge to the same direction of movement [1] or they mightcal instructions from the central controller) using which both
want to converge to a point. Both are problems in achievingagents can meet at the same location at the same time, for al-
consensus. If we have a centralized system with perfect inmost all initial conditions. However, if the number of agents
formation, then achieving consensus is a trivial matter, sincés more than two, then the best that the agents can achieve is
the central controller can instruct each agent suitably to react® come close to each other within a certain distance (mea-
sured by the radius of the smallest disc that contains all the
Email addresseskaushikdas@aero.iisc.ernet.in (Kaushik agents pOSitiOﬂS), which iS,a TUﬂC.tiOI'] of the initial co_n(.jiti_ons.
Das),dghose@aero. iisc.ernet.in (Debasish Ghose) Bretl [6] formulates an optimization problem that minimizes
1This project is partially supported by AOARBFOSR. the radius of the disc, and proposes a solution using the sec-
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1328 Randomization Mechanisms Based Positional Consensus in Homogeneous Multi-Agent Systems

ond order cone programming (SOCP) technique [7]. How-
ever, using this strategy the agents cannot be made to con-
verge to a point. Once the solution of the SOCP is imple-
mented, no further improvement is possible.

Bretl's paper was in turn motivated by an interesting pa-
per by Donald et al. [8] on the development of untethered,
steerable micro-robots, where every robot receives the same
power and control signal through an underlying electrical
grid. These robots mainly have two parts. One is an un-
tethered scratch drive actuator used mainly for forward loco-
motion. The other part is a cantilevered steering arm used for
turning through frictional contact with the substrate. These
micro-robots are simple in construction and can operate only
in a local coordinate frame. They do not have sensory ca-
pabilities to determine their position and orientation in the

global coordinate frame. Neither do they have capabilities t¢hanges its orientation, ands a scalar that refers to the dis-
localize themselves in relation to their neighboring ObjeCtS O&ance by Wh|Ch each agent moves aﬁeeaﬂﬁg the orienta_
other robots. tion change. Note that due to the broadcast mechanisi (6,
Based on the above paradigm Das and Ghose [9] proposgélthe same for all the agents. Also, the local frame of refer-
a strategy that uses the basic Bretl's model with an addience for each agent is centered at the agent's location and its
tional randomization feature that introduced a random perreference axis is oriented along its current orientation. As an
turbation on the angular orientation of the agents to achiev@justration see Fig. 1, where agents are shown located ini-

positional consensus or point convergence on repeated agally at x with initial orientationdy in the global reference
plication of the algorithm without compromising the broad- frame.

cast constraint on the control command. This method has |f the control command broadcast to all the agents id)(#,

extended to the case where the agents can be made to cqRen the agents implement it in their local coordinate frame
verge to any pre-specified point. The paper [9] also proposesy each of them changing their orientation by the same angle
an optimization problem for this task that is based on a lin-g and advancing by the same distaritéo reach the final

ear programming formulation instead of SOCP technique andestinationx;; . Even in this figure it can be seen that by doing
shows improved computational performance. However, thehjs the agents have come closer to each other. Our objective

proposed LP based method with the randomization featurg to determine a (a) such that the agents can achieve the
had a serious drawback when the number of agents is veiosest proximity with each other.

large. This was observed in simulations carried out in [9]. In
the present paper we introduce another randomization featureeorem 1. For two agents, for all initial conditions of the
that not only introduces a random perturbation to the agent2dents except whefio = 65, there exists a contro(o, d)
angle but also sets a flag that randomly assigns active or padsing which point convergence can be achieved.

sive role to the agent;, where an active aggnt impllements ”Eroof. From Fig. 1, assuming only two agents, we have,
broadcast control while the passive agents ignore it. We show
that this additional features helps in achieving consensus or
point convergence of even large number of agents.

Figurel: Basic configuration

Xt = Xo+ R(60)R(6)

g}, i=1,2 (1)

where,R() is the rotation matrix,

2. FORMULATION AND SOLUTION FOR TWO R(a) = cosa -—Ssina @
AGENTS ¥ =\ sine  cosa
Letting X1t = X2 we obtain,
We will first pose the problem in a general framework and g% = %ot
then address the two agents case to clarify many of the as- d -1
. . ) . _ R@ =[R -R(@® - 3
sumptions and concepts discussed in the previous section. )] ¢ | = [R(to) — RO10)] (x10 = X20) (3)

Assume thah agents are located on an obstacle-free planero apove equation can be solved easilydandé if the

We assume that the central controller has access to the global,erse on the right hand side exists, which happens when
state of the system which, in this case, consists of the posb10 + 020 ' O

tion (x, € R?) and orientation (@e (-x,x]) of the agents,

i =1,...,n. The central controller computes a common lo- The above theorem shows that it is possible to use a
cal control for the agents and broadcasts it to the agents fdsroadcast control command to make two agents meet at the
implementation. The local control is in the form of a tuple same location simultaneously for almost all initial conditions.
(8,d), which is interpreted by each agent in its local frameHowever, the solution is also unique and hence the location
of reference. Herdj refers to the angle by which each agent of the meeting point cannot be chosen arbitrarily.
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It can be seen that when the number of agents is more than
two, each pair gives rise to a different unique meeting point.
Thus, there does not exist a common control command to be
broadcast so that all the agents meet at a point. In the absence
of such a command, the best that can be done is to determine

It
d

a (0,d) which brings the agents in closest proximity with each i
other. Note that in this case @) may not be unique. ot

In the next two sections we will propose a linear program- d o
ming based solution and a randomized mechanism to obtain 0
consensus without compromising the broadcast based control
mechanism.

920

Figure 2: An illustration of how the square reduces in size using the LP
3. A LINEAR PROGRAMMING SOLUTION FOR solution
MULTIPLE AGENTS
. . . i _ with a reduced side length. It can be shown that no further
Let the initial posm;)n and initial orientation o_f theagents improvement of the performance (that is, reduction)ican
bexo = (Pu P2) € R”andé; & (—. ], respectively, for all )55 opieyeq by repeated use of the algorithm.

i € {1,...,n}. As before, we d_eflne the control command to Suppose we represent the LP algorithm as an operation
be broadcast ag/(d). We define our performance measure o, ye injtial conditions that yields the solution as,

as the half length, denoted lby> 0, of the side of a square

oriented along the global coordinate frame, and containing all ~ L(Xio, 6ioli = 1,...,n) = (U3, U3, r*, Xif, fi) 9

the final positions of the agents. Let this square be centere

atz= (z,2) € R2 t
Assuming that all the agents execute the command) (6, L(xt,6ili =1,...,n) = (0,0,r, X, 6it) (10)

their final positions, given byir = [gi1 Gi2] € R? will be,

en,

That is, there will be no further change in the performance
. _ d measure. In other words, Xit, 6i¢) is a stationary point so
i = %o+ REo)R) [ 0 ] @) farasthe LP algorithm is concerned.
) We can generalize this process by assuming that each step
Thatis, in the iteration is denoted by the indexwith the first step in
] _ [ m costo —sindo |[ us ) the iteration as = 1. Then we can represent the process as
G | T | pe sinfp  cosbi Uy in Figure 3. We call this thanperturbed casas the solution
of the LP is directly implemented by the agents without any
where,u; = dcosd andu, = dsing are the control variables perturbation to the solution. The following result has been
that replace (&l). Note that Eqn. (5) are linear equations. proved in [9] and is stated here for completion.

Now, we formulate the linear programming problem as,
Theorem 2. In the unperturbed case, fork 2, u, = u;, =

0and Xx+1 = Xik; k1 = 6ik. This means that repeated use

Minimizer , - _
of the LP solution on subsequent positions will not reduce r.
Subject to
—r < pji1 + U1 COSOig — U SiNBjg — 21 < r (6) o
. 1,k+1" 71, k+1
—I < Piz + U1 SiNGig + Up COSHg — 2 < T 7) -
. X,
i=1,...,n. R ikt k) U et Vot
. LP LP (—» ~
r-0 (8) %y
The above is a linear programming problem with the deci- ®o et Onkit)
sion vector as (1z1, 2, Uy, Up). Note that the decision vector — e—Sol i qbouesy o0, 1 G g gopucay——
remains the same irrespective of the number of agents. Only
the number of inequality constraint increases with the num- Figure3: Generalization of the unperturbed case

ber of agents. Also, note that,z,u; andu, are free variables
and can take both positive or negative values. An illustration
of this process is shown in Figure 2. 4. RANDOMIZATION MECHANISMS

The solution of the linear programming (LP) problem will
yield control instructions which can be broadcast to all the Now, consider gperturbed casavhere the agents use a
agents using which the agents will move to a new position orandomization mechanism to modify their states and imple-
within a new square region of smaller area, that is, a squarment broadcast command containing the LP solution. The
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broadcast command the new position of the active and pas-

%4 o171 k) sive agents are
Xik
o, 3| LP LP _>(u"“‘q’u2'k”') d
N
LN Xakil = Xa,k+R(9a,k)R(9)[ 0] (13)
ik (Xn,k+1'en,k+1) XpakJrl = Xp,k (14)
Global Broadcast Local Global Broadcast

where @, d) is the broadcast control command.

Figure4: Perturbation in angle

5. ALGORITHMS

randomization mechanism contains two components, in one !N this section we will propose five different algorithms ob-
of which a random perturbation is introduced in the orienta-tained as combination of the two randomization mechanisms
tion angle of the agent and in the other a flag is set by whictlescribed in the previous section. They are denoted,as
an agent designates itself as active or passive. In the ang{é.Fo), (A.Fn), Fo, Fn and are shown in Fig. 5. The al-
perturbation case, the final orientation of each agent is pe@orithm A that introduced perturbation only in the angle has
turbed and is used by the central controller to implement th&een studied in [9].

LP algorithm. This process is shown in Figure 4, where, the

orientation angle, after implementing the LP solution is per-

turbed by each agent as follows, @ ®
A 1 ¥
Oike1 = Oikr1 + Vike (11) Angle Flag
| @
where, the perturbation anglg.1 is given by, ! Not
Obse(r:véed by Obse(r:vgd by

Vikel = 0B (12)

where,n; is a random number generated by each agent in-

dependently ang is a scaling angle which is common to Figure5: Taxonomy of the randomization mechanism based algorithm
all the agents. The scaling angle can be set manuallyyand
can be generated through various distributions. In Egn. (11 .

vik+1 represents the perturbation angle. The perturbation an%—'l' Algorlthm (A, FO)_ o
gle for different agents are fiiérent. This kind of random [N this case, the active agentsHg(t) whose flag is high
mechanism has been studied in [9] and has been found to yll perturb its orientation randomly. Then, the central con-
deficient when the number of agents is large, as they do ndfoller will observe the positions, orientations and flags of all
come closer than a certain value even after a large number &9€Nts, butwill compute the control comma#nid) using the
iterations. position and orientation of the active agents only. The control

The main idea behind the flag setting approach is that eactommand will be broadcast to all .the agents. After receiving
agent (i) randomly generates a fl&g that can take one of the control command only the active agents will change their

two values. One is highff), denoting an active agent and state. The passive agents will remain stationary. This implies
other is low (f;), denoting a passive agent. The set of agent§hat'

CC : Central Controller

that have high flags (active) is denoted Ryand the set of L((Xak,gak)) = (U, up) (15)
agents that have low flags (passiveRjs .

Let the set of active agents at timbeR,(t) = {i | fi = fq} where fak = fak + Vak-
and the set of passive agents at time R,(t) = {i | fi = fi}

wherei € {1,....n}. An active agent is one that will imple- °-2: Algorithm (A, Fn) '
ment the broadcast command and change its state whereas dn this case also the flag will be set randomly, as well as
passive agent will ignore the command and remain stationaryhe orientation. However, the central controller does not have
The flag value for each agent may or may not be observedccess to the flag information and will compute the control
by the central controller (CC). The central controller havecommand (6d) using positions and orientations of both the
information of position and orientation of all the agents (ac-active agents and passive agents. The control command will
tive and passive) at each step. The control commanu be broadcast and all the active agents will move from their
computed by the central controller will be broadcast to all the'éspective positions. This implies that,
agents, but on_ly the qctlve ggents WI|.| move. . L((Xakaga,k), (Xoke pi) = (UL U3) (16)

Let the position-orientation of active and passive agents -
be (Xak, fak) and Ky, Opk), respectively. After receiving the where fak = Oax + Vak-
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5.3. Algorithm ( Fo) The above is a linear programming problem with the deci-
In this case the flags of the agents will be set randomlysion vector as (i, uz). Note that the number of decision

but the orientation will not be perturbed. The central con-variables has reduced over the previous formulation.

troller will observe the flags, positions and orientations of

all the agents and compute the control command for the ac-

tive agents only. The central controller will broadcast control/- SIMULATION RESULTS

command and all active agents will move from their respec-

tive positions. This implies that, In the first set of simulations consider three agents.
o Initially we consider ((11),45°), ((5,4),13%), and
L(Xak, fak)) = (U1, U3) (17)  ((2.6).-45") as the initial position and orientation angle of
Note that in this case there is no perturbation in the ageri’ three agents. Using algorithivall three agents converge
orientation. to a point after a few iterations (see Fig. 6). The variation
in the x andy coordinates of the three agents against the
5.4. Algorithm (Fy) number of iterations are also shown. The convergence

)/:riterion for terminating the simulation is gives as value of

In this case also the flag of the agents will be set randoml X 4
becoming less that2 107°.

but orientation will not be perturbed. The central controller
will observe positions and orientations of all the agents and
compute the control command based on the position and ori-
entation of all agents. The central controller will broadcast s
the control command to all the agents but only the active
agents will implement these and will move. ?

s

L((Xak» Oak)- (Xpk: Opk)) = (U3, U3) (18) 4 e
—Agent-3

We put all the above algorithms in a tabular form in Table 1. - . - 0

15

05

10 15 25
ITERATON

: : , N (a) (b)

Table 1: The different performance for the algorithm=(¥es ; N= No)

Random LP Move-

5% 6
z | z
Perturba- | Random| Solved | ments % A Qs
Algorithm tionin Flag Using of g % s
Orientation| Setting | Agents| Agents ; s pOIRE
A Y N a” a” 5 ) H -+ -Agent-1 X ! -+ -Agent-1
< < - % -Agent-2 <‘( ol - % -Agent-2
(A Fo) Y Y actve | actve “ | —— Agent-3 >l —Agent-3
(A9 FN) Y Y a” aCtMe 10 ‘ 5 10 15 20 25 10 5 10 15 20 25
Fo N Y actve | actve ITERATION ITERATION
Fn N Y all active (©) (d)

Figure 6: Consensus with three agents using algoriti@) Trajectory
of the agents (b) Reduction inwith iteration (c) Convergence in the-
coordinate (d) Convergence in tNecoordinate
6. ACHIEVING POSITIONAL CONSENSUS AT A DE-
SIRED POINT Next, we consider larger number of agents (5, 10, 15 and
) ) . 20). The convergence criterion is also relaxed tg 0.1.

_In the previous section, we considered the problem of poyye can see after some iteration the rate of decrement of per-
sitional consensus, but did not have control over the poinfgrmance radiug is very small. For agents 10, 15, 20 the
at which the agents can meet. In [9] a scheme has been prgerformance radius is not improving after some iterations.
posed to address this. We can define the meeting mim)  The results are shown in Figure 7. These results show that
of the agent formation. In this case, the input to the LP arghe computation time and the number of iterations rise with
the initial positions, initial orientation and the meeting point. the number of agents. This is expected since the complexity
The linear programming formulation is the same as [9]. Weof the algorithm is the same as that of the LP algorithm.
can formgla}te the modified linear programming problem as, next we consider AlgorithmA, Fo). Note that in this case

Minimize r the control command is computed by considering only the
Subject to active agents. We consider 5 agents in this simulation. The
—I' < Pa1 + Uy COSHg — Up SiNfag — 2, < T (19) simulatipn rgsult is given iq Fig. 8. The convergence cr'iterion
for terminating the simulation is gives as value tfecoming
e less than . The simulation result shows that the agent are
a={i]leRa} not converging to a point. In fact they seem to be sometimes
r>o (21)  going apart from each other and sometimes coming closer.

—f < Pa2 + U1 SiNBa0 + Up COSO0 — 2o < I (20)
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The reason behind this is the following. The central con-
troller is computing the control command based on the active
agents information only and it is independent of passive agent
information. This implies that the active agents move to a
point defined by the LP solution without taking into consid-
eration the presence of the passive agents. This leads to the *?

-3

Y-axis position

active agents moving away from the passive agents. So after : , 0
repeatedly using this algorithm the agent will not convergeto 12
. 0 10 20 30 40 50 60 -10 -5 0 5 10
a pOInt No of Iteration X-axis position
Next we consider AlgorithmA, Fy). The central con- (a) (b)
troller does not observe the flags and considers all the agents 10

while compute the control command. Here we consider 5, 10,
15 and 20 agents for illustration. The convergence criterion
for terminating the simulation is the same #Kp). The 4
simulation result is given in Fig. 9. We can see that this al-
gorithm is able to bring a higher number of agents at a point. 2
This algorithm are opposite to previous algorithm. The rea-

6

Y—axis Position
o

0 -10

son why this algorithm works better thaf, o) is that con- O 0 000 1500 2000 2500 105 x-axis% ssiion 10
sideration of the passive agents in the LP computation keeps

the agents swarm together. Thus, not have access to the flag ©) (d)

information (by the central controller) actually helps in better  ° 4

convergence. 5 2
Next we consider the AlgorithrRo. Here the central con- .

troller observes the flag values and there is no perturbation - 2
in orientation. Here also we take 5 agents to demonstrate *\ ‘ !
the result. The termination condition for simulations is the 2 "

same. The simulation result is given in Fig. 10. We can see
the agents do not converge to a point. The reason for not ° 1% % 50 400 500 60— -0
converging is same as Algorithm(Fo). ()

Next we consider the Algorithriy. Here the central con-
troller does not observes the flags and there is no perturbation
of angles. we consider 5, 10, 15 and 20 agents to demonstrate !
the result. The simulation result are given in Fig. 11. Wecan °
see the agents converge to a point for upto 15 agents. The-°®
simulation result (Fig. 11) shows that, this algorithm does 4L
not work for agent 20 agents but still it gives better result 3
than algorlthrrA 20 2000 4000 6000 8000 _1—010 -5 0 5 10

We see all the algorithms are ndfieient for making the No of Iteration X-axis position
agents converge to a point. Table 2 shows performance com- (9) (h)
parison of all the algorithms. Table 3, Table 4 and Table 5
gves comparison of the number o feraions and of the comE i MOMIA) o i b e © e
putations fime bet""ee” the algorithms for 10 and 15 and 2(:jc)nylo agengts (e} vs number of iterations for 15 ager?ts ® Trajectjory fo)r/
agents respectively. Note that NC denotes these cases WhekLagents (gf vs number of iterations for 20 agents (h) Trajectory for 20
the algorithm did not make the agents converge to a point. agents

To demonstrate the result that the agents can meet at any
pre-specified point, we consider 5 agents. Here the meeting 000
point is (0,0) . The result is given in Fig. 12. It shows that ¢ x
where the final point is specified all the algorithms will work.
Table 6, Table 7 and Table 8 gives comparison of the number *
of iterations and of the computations time between the al- *
gorithms for 10 and 15 and 20 agents respectively when the
meeting point is specified. The results shows that even the

Y—axis Position

10

Y—axis Position
o

\ —_
L\ \

0

-500
-1000
-1500

Y-sxis position

-2000

,\Jj
3

~1000 0 1000 2000 3000

-2500

0

number of agents are higher, the algorithrAsHo) andFo o M 20 G0 W w w Cas poel

are taking few iteration to converge.We consider 50 agents (@) (b)

also for the algorithmsA, Fo), Fo and the simulation result

is shown in Fig. 13. Figure 8: Algorithm @, Fo) (a) Change im with iteration (b) Trajectory of
the agents
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Figure 9: Algorithm A, Fy) (a) r vs number of iterations for 5 agents (b)
Trajectory for 5 agents (¢)vs number of iterations for 10 agents (d) Trajec-
tory for 10 agents (e) vs number of iterations for 15 agents (f) Trajectory
for 15 agents (gy vs number of iterations for 20 agents (h) Trajectory for
20 agents
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Figure 11: AlgorithmFy (a) r vs number of iterations for 5 agents (b) Tra-
jectory for 5 agents (a) vs number of iterations for 10 agents (d) Trajectory
for 10 agents (e} vs number of iterations for 15 agents (f) Trajectory for
15 agents (gf vs number of iterations for 20 agents (h) Trajectory for 20
agents
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Table 3: Comparison between algorithm for 10 agents, (NC :

gence)

Table 4: Comparison between algorithm for 15 agents (NC :

gence)

Table 5: Comparison between algorithm for 20 agents (NC :

gence)

10 Agents
Algorithm | Iterations| ComputationTime
A NC NC
(A,Fo) NC NC
(A FN) 1262 26
Fo NC NC
Fn 1381 29

15Agents
Algorithm | Iterations| ComputationTime
A NC NC
(A,Fo) NC NC
(A FN) 1874 59
Fo NC NC
Fn 5584 234

20 Agents
Algorithm | Iterations| ComputationTime
A NC NC
(A,Fo) NC NC
(A FN) 7949 1056
Fo NC NC
Fn NC NC

No Conver-

12

No Conver- g

Y-sxis position
o

0 20 40 60
No of Iteration

(@)

80

X-axis position

(b)

Y-sxis position

0 10 20 30 40 50
No of Iteration

60

Table 6: Comparison between algorithm for 10 agents with specified point
(NC : No Convergence)

Table 7: Comparison between algorithm for 15 agents with specified point

10 Agents
Algorithm | Iterations| ComputationTime
A NC NC
(A, Fo) 119 9
(A, Fn) 2193 135
Fo 118.25 8
Fn 4101 229

(NC : No Convergence)

15 Agents
Algorithm | Iterations| Computationtime
A NC NC
(A, Fo) 235 10
(A Fn) NC NC
Fo 278 14
Fn NC NC

(©)
5
4 ]
No Conver- g
= )
&
2 >
1 .
0 -6
0 100 200 300 400 500 -5 0 5
No of Iteration X-axis position
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Figure 12: Final point is specified : (a) Algorithé : r vs iteration (b)
Algorithm A : trajectory of the agents (c) Algorithr®\(Fo) : r vs iteration
(d) Algorithm (A, Fo) : trajectory of the agents (e) Algorithm\(Fn) : r vs
iteration (f) Algorithm A, Fy) : trajectory of the agents (g) Algorithifo :

r vs iteration (h) AlgorithmFq : trajectory of the agents (i) AlgorithrRy :

r vs iteration (j) AlgorithmFy, : trajectory of the agents

Proceedings of ICEAE 2009



Kaushik Das, Debasish Ghose 1335

15 10 [5] I. Suzuki and M. Yamashita. Distributed anonymous mobile robots.
SIAM J. on Computing28 : 1347-1363, 1999.

[6] T. Bretl. Control of Many Agents Using Few Instructionis. Third
Robotics Science and System Confererfdatanta, 2007.

[7] S. Boyd and L. Vandenbergh€onvex OptimizationCambridge Uni-
versity Press, Cambridge, 2004.

[8] B.R. Donald, C.G. Levey, C.D. Mcgray, |. Paprotny and D. Rus. An

untethered,electrostatic, globally controllable MEMS micro-robot.

o 10 Microelectromech. Syst5(1) : 1-15, 2006.

O et B hesin [9] K. Das and D. Ghose. Positional Consensus in Multi-Agent Systems

using a Broadcast Control Mechanisin.American Control Confer-
(a) (b) ence, St. Losis, 2009, (to appear).

20 10 [10] D. Bertsimas and J.N. Tsitsiklifatroduction to Linear Optimizatian
Athena Scientific, U.S.A, 1997.

[11] D.G. Luenbergeintroduction to Linear and Nonlinear Programming
Springer, Berlin, 2008.

[12] H. Ando, Y. Oasa and |. Suzuki. Distributed Memoryless Point Con-
vergence Algorithm for Mobule Robots with Limited VisibilitiEEE
Tran. of Robotics and Automatiph5(5): 818-828 , 1999.

[13] W. Rudin. Principles of Mathematicla AnalysisMcGRAW-HILL

0 10 Book Company, Sigapore, 1976.

0 T -10 -5 X—axis%osition 5 10 [14] A. Jadabaie, J. lin, and A.S. Morse. Coordination of groups of mo-

bile autonomous agents using nearest neighbour riE#&E Trans.

10

r
Y-—sxis position
o

15 5

= 10

Y—sxis position
o

(c) (d) Automat. Contr48(6) : 988-1001 ,2003.

) ) o N ] [15] G.C. Chasparis and J.S. Shamma. Linear-Programming-Based Multi-
Figure 13: Final point is specified : 50 agents (a) AlgorittRo) : r vs Vehicle Path Planning with Adversarida.American Control Confer-
iteration (b) Algorithm @, Fo) : trajectory of the agents (c) Algorithiffo : ence, Portland, 2005.

r vs iteration (d) AlgorithmFo : trajectory of the agents [16] C. Reynolds. Flocks, herd and schools: A distributed behavioral

model.Comput. Graph.21(4) : 25-34 , 1984.
[17] V.D. Blondel, J.M. Hendrickx, A. Olshevsky and J.N. Tsitsiklis. Con-

) ) ) - ) vergence in Multiagent Coordination, Consensus, and Flocking.
Table 8: Comparison between algorithm for 20 agents with specified point  conference on Decision and Contr&eville, 2005.

(NC : No Convergence) [18] J.K. Sengupta, G. Tintner and C. Millham. On some Theorems of
20 Agents Stochastic Linear Programming with Applicatioddanagement Sci-
Algorithm | Iterations| ComputationTime ence, 10(1) : 143-159 , 1963.

A NC NC
(A, Fo) 554 24

(A Fn) NC NC Kaushik Dasobtained a B.E. degree in

Fo 494 23 m Electrical Engineering from Bengal En-

Fn NC NC ok o) gineering College (a D.U.), Calcutta, In-

= dia in 2003 and ME degree in Electrical

\ “’7 engineering from Jadavpur University,

Calcutta, India in 2006. Presently, he is
\ a research scholar in the Department of
i) ' Aerospace Engineering at the Dynamics

and Control System Lab.
In this paper we present some modified broadcast control

algorithms. The results shows that some algorithms are ef-
fective for higher number of agents. We have also shown th
without perturbation in the orientation, positional consensu
is possible by setting randomized flags.

8. CONCLUSIONS

Debasish Ghose obtained a B.Sc.
(Engg.) in Electrical Engineering
from the Regional Engineering College,
Rourkela, India, in 1982, and the ME
and PhD. degrees, also in electrical en-
gineering, from the Indian Institute of
Science, in 1984 and 1990. He is a pro-

REFERENCES o/

[1] T. Vicsek, A. Czirok, E. B. Jacob, I. Cohen and O. Schochet. Novel

gpe_ of ;I)_hatlfe t;alsniizséignizigga %Ztsem of self-driven parti€lagsics fessor in the Department of Aerospace

eview Letter, 75: — , . . . . ; ; ;

[2] G. Antonelli and S. Chiaverini. Kinematic control of platoons of au- .Englneermg. at the Indian InS,tItUte of Science. His re_searCh
tonomous vehicleslEEE Trans. Robotics and Automatio82(6) : interest are in the areas of guidance of aerospace vehicle, au-
1285-1292, 2006. tonomous guided vehicles, applied game theory, multi-agent

[3] B. V. Gervasi and G._Prencipe. C.oordination'without communication: dynamics and control, decision-making in large scale sys-
The case of the flocking problemiscrete Applied Mathematic443: . .
203-223, 2004, tems and resource allocation and scheduling Problems.
[4] M. Cieliebak, P. Flocchini, G. Prencipe and N. Santoro. Solving the
robots gathering problenin Automata, Language and Programmjng
Springer Verlag, Berlin, 2003.

Proceedings of ICEAE 2009



Multi-Agent Rendezvous Algorithm with Rectilinear
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Abstract. The aim of this paper isto develop a computationally efficient decen-
tralized rendezvous algorithm for a group of autonomous agents. The algorithm
generalizes the notion of sensor domain and decision domain of agents to enable
implementation of simple computational algorithms. Specifically, the algorithm
proposed in this paper uses a rectilinear decision domain (RDD) as against the
circular decision domain assumed in earlier work. Because of this, the compu-
tational complexity of the algorithm reduces considerably and, when compared
to the standard Ando's agorithm available in the literature, the RDD algorithm
shows very significant improvement in convergence time performance. Analyti-
cal results to prove convergence and supporting simulation results are presented
in the paper.

Keywords: Multi-agent, Rendezvous, Decision domain, Consensus.

1 Introduction

Research on multiple agents in the context of robotics is motivated by the fact that
instead of using a highly sophisticated and expensive automated agent, it may be ad-
vantageous to use a group of small, simple, and relatively cheap autonomous agents
(mobile robots or UAVS).

The autonomous control of multi agents has emerged as a challenging problem. The
agents are assumed to have limited sensor and communication range and execute some
local rule-based strategy depending on the information collected by each agent from the
environment and from neighboring agents. One of the generic tasks that such a system
of agent is often called upon to performisto physically bring all the agentsto acommon
point. Thisis called a multi-agent rendezvous problem [1]. This problem is important
because if rendezvousisfeasible, then more general formationsare also achievable[2].
Previous work in this area are by Ando et al. [[3] and Lin et al. [4] where each agent
moves toward the rendezvous point by performing a sequence of “ stop-and-go" moves.
The stop mode is basically the sensing period and is an interval of fixed length. In the
go mode the agents will maneuver in an interval of variable length and will move from
its current position to a new position. In [3], as also in our paper, the sensing period

* The authors gratefully acknowledge the AOARD/AFOSR for their grant to this project.

P Vadakkepat et al. (Eds.): FIRA 2010, CCIS 103, pp. 162-169,[2010.
(© Springer-Verlag Berlin Heidelberg 2010
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is assumed to be zero. Both [3] and [4] use algorithms that require determination of
the smallest circle that contains a given set of agent positions. These algorithms are
called “ circumcenter algorithms". Although the complexity of this algorithm is proved
to be subexponential of order O(ne(@+o(1)v2Inny 5] the number of actual computations
is fairly high. In our paper we generalize the notion of sensing domain and decision
domain and show that by using a rectilinear decision domain the computations can be
simplified considerably, thus bringing down the convergencetime.

We show that our algorithm is far superior in terms of computational time than
Ando’s algorithm [3] which is the standard algorithm in the literature. we consider
point robots with simple kinematics and instantaneous directional motion asin [3], [4].

2 Préliiminaries

Let R = {aj,ap,...,an} be the set of robots or agents. The positions of agent a; is
given by pi = (x;,yi) € R2. The sensor domain of a agent a; is denoted as S; and its
decision domain is denoted by D;, where D; C S;. Information sensed from the decision
domain is used to implement the algorithm. Essentially, we introduce the concept that
information from the whole of the sensor domain need not be used for decision-making.
In Fig. [T, we give a schematic of these concepts. Note that, in general, pj need not be
inside S;. An agent determinesits set of neighbouring agents based on D;. In this paper
we assume that the sensing domain (S;) of al the agentsis circular with radius r. The
decision domain (D;) is asquare of side 2d, withd < \/'2, aligned with a pre-specified
global (X,Y) reference frame. Thisis shown in Fig.[Ib. The set of neighbors of agent
aj isdefined asN; = {a;j | (|xi —x;|) <dand (lyi—yj|) <d}.

Note that an agent is aso its own neighbor, so a; € N;j. Also, if aj € Nj then aj € N;.
In Ando et d. [3] Sij and D; are the same and are circles.

@ (b)

Fig. 1. (a) Genera sensor domain and decision domain (b) The sensor domain is circular and the
decision domain is a square aligned with the global X —Y coordinates

3 Rectilinear Decision Domain (RDD) Algorithm

Convergenceto a rendezvous point in [3] is proved through two properties: (i) Agents
who are neighbours remain as neighbours (ii) Agents come closer with each other in
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o ® o
> [ ]
Cj(ty) 2

aj(ty)

Fig. 2. Agent a; will moveto the centroid of the rectangle. The square with broken lines
is the decision domain of agent a; and agentsinside it belong to N;. The solid rectangle
isthe smallest rectangle that contains the agentsin N;.

some sense till they meet at a point. The RDD (rectilinear decision domain) algorithm
retains these two ideas. Again asin [3] the RDD algorithm has the assumption that the
initial graph is connected.

Algorithm RDD (Rectilinear Decision Domain)

Step 1: Each agent a; determinesits neighbour set N; using its decision domain D;.
Step 2: Each agent constructs the smallest rectangle, aligned with the global coordinate
axes, that contains all the members of its neighbour set.

Step 3: Each agent computes the centroid of the rectangle and movesto it.

Fig. [ illustrates these steps where ci(tk) is the centroid of the rectangle at the time
instant tx. These steps are similar to Ando’s agorithm [3], but for afew significant dif-
ferences. In Step 1, Ando’s algorithm determines neighbours using the sensor domain
Si. In Steps 2 and 3, Ando’s a gorithm computesthe circumcenter of the neighboursand
moves toward it subject to a constraint. Unlike RDD which allows the agents to move
directly to the centroid, Anod’s algorithm may not allow the agents to reach the cen-
troid. These two important differenceslead to high computational complexity, and thus
higher convergencetime, in Ando’s algorithm. In RDD, an agent a; uses the informa-
tion P = {(xj,yj)|aj € Ni} wherea; € N;, and computes max{x;}, min{x;}, max{y;}
and min{y;} to obtain the rectangle. The computational complexity of this operation is
O(n). We will now state two important theorems.

Theorem 1. An agent’s movement will be confined to a square of side d centered at the
agent’s current position and aligned with the global reference frame.

Proof. Consider the maximum deviation of the centroid of the rectangular area along
the X-axis from the agent’s current position. This will be less than d/2 because the
maximum deviation of a neighbor’s position along the X-axisis d. Similar arguments
hold for the Y -axis. So the agent movement will be confined within a square of side d,
centered at the agent’s current position. |
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xi(t) xj(t)

A ? B
it xift) | X

C— * . -~ D

S PO . | J G

Fig. 3. Agent aj,aj and its neighbor projection along X-axis

Theorem 2. If at any time ty, agents a; and a;j are neighbors, then they will be neigh-
bors for all time t > ty.

Proof. Let the projections of agents a; and aj on the X axis at time t, be denoted by
Xi(t) and X;(tx), respectively, where X;(tx) > Xi(tx). Let the left most and right most
projections of the neighbors of agent a; be X/ (tx) and X" (t), respectively. The position

| r
of agents a; and a;j on the X axis at time instant t 1 is then Xp(tc.1) = Xp(t")zxpm‘);

where p = i, j. The distance between the agents a; and a; along the X axis at time
instant t.1 is | X; (1) —Xi(ter1) 1= 5 1 (X] (t) = X (6)) + (X[ (t) = X (t)) |-

We can show that | X](t) — X{ (t) |< d, since when X](t) < X](t) < Xi(t), we
can write 0 < X{(tx) — X{ (t) < Xi(tx) — X{ (t) < d. Again, when X](tx) < X{(t) <
Xi(tc), we can write X (t) — X{ (t) < 0 < Xi(t) — X{ (t) < d. Similarly, we can prove
| X (t) — X[ (t) |< d. Thisimpliesthat X;(tk+1) — Xi(t+1) < d. We can prove the same
alongtheY axistoo. |

The theorem provesthat connectivity between agents, which plays an important rolein
the performance of the algorithm, is preserved.

4 Analysisof the RDD Algorithm

Let the global convex hull made by the positions of the agents at the time instant ty be
denoted by Co(tx). We can define the diameter of the convex hull at the time instant
ty asdia(Co(tx)) = max{| pi(t) — pj(t) ||}, i,j € {1,2,...,n}. When rendezvousis
achieved the diameter of the global convex hull is zero. We will first show that the
diameter of the global convex hull will reduce at each step.

Let us consider Coj(tk) as the convex hull made by the neighbor set of the agent a;
at thetime instant tx. Let the smallest rectangle containing the neighbor set of agent a;,
and aligned along the global coordinate axes, at time instant tx be Ri(ty). It is obvious
that Coj(tx) C Ri(t). Let y';. = min{yj}, whereyj is the y—th coordinate of a; € N;.
Other variables are similarly defined. Then we have the following result.

mid(Ri(tk)) = (1/2)((Xinin + X;nax)v (yinin +y;nax)) 1
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aBC C

Fig. 4. Rectangle made by the neighbor of agent a;

Theorem 3. mid (Ri(t)) € Coji(tx) and mid (Ri(tx)) is not an corner point of Coj(ty)

Proof. Consider Fig.[4l Here R;(t) is the rectangle ABCD and mid point of it is M.
Each side must have an agent. Let Nag be the set of agents on side AB. Similarly,
Nec, Ncp and Npp are the set of agents on the side BC, CD and DA, respectively. It
is clear that Nag N Ncp = 0 and Ngc N Npa = 0. Choose agents aag, asc, acp and aag
in such away that aag € Nag, agc € Nac, acp € Ncp and apa € Npa. Theline joining
aag and agc Will separate B and M. Similarly, the line joining agc and acpwill sep-
arate B and M, the line joining acp and apa will separate D and M and line joining
apa and aag Will separate A and M. So, we can write M € Co(aag,asc,acp,apa). AS
Co(ans,asc,acp,apa) C Coj(tx), then we can write M < Coj(ty). Let, the coordinate of
the mld( i(t)) is (x mld,ymld) If the rectangle is not a point then it is evident xi,;; #
Xhins X 7 Xhiaxs Yhig 7 Yinin @0d Y iy # Yhax. Thisobservationand M € Coj(t)implies
that M can not be a corner point of Coj(ty). O

Now consider any agent a;. L et the maximum distance along the X -axison theright side
between agent a; and its neighbors be d « and on the left sideis dIX Similarly, along the
Y -axis the maximum distance above a; |s d' and below of a; isd} The position of the
agent a; at timeinstant (tx1) will be

Xi(tr1) = Xi(te) — (diy = dpy) /25 Viltera) = Vilt) — (diy —diy)/2 &)

The movement of the agent a; will depends upon {d|,,dL,,d! By } The agent a; will
be stationary if dj, = d}, and dj, = d;)y. Next we will state atheorem that agents at the
corner points global convex hull Co(t) cannot remain stationary.

Theorem 4. For any agent a; which is at the corner of Co(tx) and has at least one
non-located neighbor, both dj, = d, and dz, = dy, cannot be satisfied.

Proof. We will prove this by contradiction. Let df, = d/, and d}, =d;  for an agent a;
which isat acorner point. Let the agent a; be at corner point A in Fig. [é The neighbors
aj and ay for which d|, = df, and d}, = d; isat B and C, respectively. From Fig.[5 we
can write df, = d1sin6y, df, = d2sin6y, dy, = d1cos6; and d}, = dpcos6,. If diy = di,

and di, = di,

dy1/dy =sinBy/sin6; = cos6,/cos6; 3
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Fig. 5. Agent a; is at the corner point of Co(ty)

Equating the above two equations 6, = ;1. Thus, A will be on the line BC. So, A is not
acorner point. Thisleads to the contradiction. |

From Theorem 4 and Theorem 3, it is clear that agents at the corner of the convex will
move either inside of the convex hull or move along the edges of the convex hull.

Theorem 5. No agent can be at a corner point of the convex hull Co(ty) at time ty 1.

Proof. We prove this by contradiction. Suppose an agent a; reaches the corner point
¢y of the convex hull Co(ty) at timety, ;. Thisimplies that c; is the mid point of the
rectangle made by the neighbors of agent a; at time tx. Then, according to Theorem 3,
¢y isinside the convex hull Coj(tk). Again Coj(tx) C Co(t). Thisimpliesthat c; isthe
convex combination of some points of Co(tk). This leads to the contradiction. d

Theorem 6. Co(tx+1) C Co(tk)

Proof. Let there be m corner points of the convex hull Co(ty) given by Pc(t) =
{p1,...,pm} and m; corner points of the convex hull Co(tc,1) given by P.(ty,1) =
{P1,..-,Pm, }. Now, P(t) N Pc(t+1) = 0, because no agent can reach at the corner of
the convex hull Co(tk) accordingto lemmab at timeinstant t, 1. The corner point agents
of Co(tx) must move (according to Theorem 4). Since p; € Co(tx) and p; ¢ Co(tx.1),
for al p;j € P(t), we have Co(tx. 1) C Co(t). O

Next we will show that the diameter of the global convex hull will reduce at each step.
Theorem 7. dia(Co(ty,1) < dia(Co(ty))

Proof. As before, let P:(tx) = {p1,...,Ppm} be the set of corner points of Co(tx) and
Pe(ty1) = {P1,-..,Pm, } bethe set of corner points of Co(tx,1). According to the defi-
nition of the diameter of a convex hull[[7]

dia(Co(t)) = max{||pi — pjll.Vpi, pj € Pc(t)} @)
dia(Co(t11)) = max{||Bi — Pjll, YPi, Bj € Pe(tks1) } (5
)

)
Again || pi — pj|| < dia(Co(ty)) foral pi, pj € Co(tk) and pi, pj ¢ Pe(tk). HerePe(ty41) €
Co(ty) and Pe(tx+1) NPe(ty) = 0. From this, we get dia(Co(tx;1)) < dia(Co(tk)). O
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The abovetheorem tells usthat the sequence of convex hulls, generated by the positions
of the agents will make a descending chain of convex sets. Under similar arguments as
Ando et a.[3] it can be shown that the convex hull will become a point as all the agents
convergeto a point. We omit the proof due to space limitations.

5 Simulation Resultsand I mplementation | ssues

In Fig.[6 four snapshotsfor 10 agents have been shown. One can see that all the agents
eventually convergeto a point. The system converges when the maximum distance be-
tween the agents along the X axisand Y axisis less than the decision domain distance
(d), since the agents would converge to asingle point in the very next step.

-ais

xxxxxxxxxxxx

Fig. 6. 10 agents placed randomly converge to a point

The comparative study between Ando’s algorithm and the RDD algorithm is ex-
ecuted. In Table[d], the comparison of computational time to converge is given. The
results shows that RDD algorithm is superior in terms of computational time.

In Table[Z comparison of the number of iterations to convergeis given. Theiteration
number in case of RDD algorithm is a bit higher than Ando’s algorithm. The reason
behind for thisis the decision domain in case of RDD algorithmis smaller than Ando’s
algorithm.

The agorithm can be implemented by any agent (robot) that can gather information
about and from its neighbors (positions and orientations) using sonar sensors, vision
sensors or laser scanners. After generating the control command the agents can broad-
cast the control command with positions and orientation of the centroid information by
a short range communication mechanism. An agent receiving a broadcast control com-
mand from another agent which is not in its decision domain will ignore the command.



Multi-Agent Rendezvous Algorithm with Rectilinear Decision Domain 169

Table 1. Comparison of Computational Time

Time to Converge (sec)

Number of Ando RDD Ando/RDD
Agents
20 0.5856s 0.0329 17.8065
50 3.0677s 0.1758 17.4544
100 12.1486 0.5439 22.3360
150 40.7101 1.7395 23.4031

Table 2. Comparison of Number of Iterations

Number of Iterations to Converge

Number of Ando RDD Ando RDD
Agents (Time/lteration) (Time/lteration)
20 3.8000 5.2667 0.1541 0.0062
50 6.8667 9.3333 0.4468 0.0188
100 8.4667 11.8667 1.4349 0.0458
150 11.3333 15.9333 3.5021 0.1092

6 Conclusions

We presented and analyzed a rendezvous algorithm considering a rectilinear decision
domain. The computational complexity of RDD agorithmislow compared to the well
established Ando’s algorithm in the literature. The RDD algorithm is simpler in terms
of few computation needed and in rel axing the restriction on the movement of the agents
to the centroid of the rectangle. In this sensg, it is a purely centroidal algorithm. The
simulation results support our claim.
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Abstract

This paper addresses the problem of achieving rendezvous in
a multi-agent system under various information paradigms.
We consider two classes of algorithms (i) Broadcast based
algorithms and (ii) Distributed control algorithms. In the first
we consider a case where each agent is homogeneous and all
agents are controlled by the same broadcast command from a
centralized controller. This method has low communication
cost. In the second case we consider each agent to implement
its own control based on information gathered from its
neighbours through a limited sensing capability. In this paper
we give a brief overview of the broadcast based methods and
some results on the distributed control algorithm where a
modification in the decision domain of the agents is shown to
yield significant benefits in terms of computational time,
when compared with standard algorithms available in the
literature. Moreover, we also show its straightforward
application to higher dimensional problems which is a
considerable improvement over available algorithms in the
literature.

1 Introduction

Research on multiple agents is motivated by the fact that
instead of using a highly sophisticated and expensive
automated agent, it may be advantageous to use a group of
small, simple, and relatively cheap autonomous agents. The
group of agents can be used to accomplish various tasks in
different environments such as tactical operations, exploratory
missions, remote monitoring with mobile sensor networks,
avoidance of collision and over-crowding in automated air
traffic control, cleanups of toxic spills, fire fighting and
cooperative search with unmanned air vehicles.

In multi-agent systems, autonomous control of groups of
mobile agents which are loosely interconnected through
limited range communication links has emerged as a
challenging problem. In this paper we discussed two
information paradigms; one based on a broadcast mechanism
and the other on a distributed control framework. One of the
generic tasks that such a system of agent is often called upon
to perform is to physically bring

all the agents to a common point. This is called a multi-agent
rendezvous problem. This problem is important because if
rendezvous is feasible, then more general formations are also
achievable.

The challenge in these algorithms is to develop control
algorithms such that the agents can collectively perform some
task. All the agents have limited sensor and communication
range and execute some local rule-based strategy depending
on the information collected by each agent from the
environment, from neighboring agents, and/or from a central
controller (in the broadcast case).

2 Broadcast Based Mechanisms

In this framework, each agent executes a command received
from a central controller which computes a common
command for all the agents after observing their positions
and orientations [1]. The main advantage of this framework
is the saving in communication cost due to the fact that the
same command is being transmitted in broadcast mode, as
against individual commands to each agent. A possible
schematic representation is given in Figure 1.

(@) (b)

Figure 1: (a) Broadcast Mechanism (b) Implementation of the

broadcast mechanisms

Note that each agent has a local reference frame which is
used by the agent to implement the broadcast command. For
instance, if the command is “turn anti-clockwise by 30
degrees and proceed for 3 meters”, then the agent carries out
this command in its own local reference frame and not with
respect to the global reference frame. Thus, with the



same command issued to all agents, an agent that is oriented
at say 10 deg from the global reference frame will attain an
orientation angle of 40 deg, while an agent with initial
orientation at 110 deg from the global reference frame will
attain an orientation of 140 deg (Figure 1:). It was shown in






that this problem can be formulated as a linear
programming problem, but the best result of bringing the agents
close can be achieved by only one step. In that paper

a random perturbation was introduced in each agent’s
orientation and it was shown that several steps can then be executed
with each step leading to a smaller proximity between agents till
they converge. Several modifications (based on flag setting to
classify behavior of agents) were proposed in [3] and shown to
improve convergence.

2.1 Linear Programming Formulation

Let the initial position and initial orientation of the n

agﬁ?tli tl)ﬁ ?espéé%%y,%?'&ﬁ ii {f n} . As before, w]é

define the control command to be broadcast as (,. We define
our d) performance measure as the
half length, denoted by r 0, of the side of a square oriented
along the global coordinate frame, and containing all the
final positions of the agents. 2

@ 0.

Assuming that all the agents execute the command (| ), d
2

Let this square be centered at z

their final positions, given by x {ggi12i Wil be,

Xit 0 i6 X gR( 0@

That is

91i1i8i01 p cos sin

QRSN 2008 jdlig 2

where,u  dcos andu, dsin are the control

variables that replace (, ). MNote that the above equations
are linear . Now, we formulate the linear programming
problem as,

Minimize r

Subjecttorp  ucos usin z
i11 02 ib1
P usin 1 @S z
il,, n

r 0 The decision vector is (,rz, z,,u ,u ) , which the same
irrespective of the number of agents remains. Only the

number of inequality constraint increases with the number

of agents. Also, note that z,, z,, U, and U, are free variables and can

take both positive or negative values. An illustration of this process is shown in Figure
2.
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Figure 2: An illustration of how the square reduces in
size using the LP solution

2.2 Randomization Mechanisms

2.2.1 Perturbation in the orientation

The solution of the linear programming (LP) problem will
yield control instructions which can be broadcast to all the
agents using which the agents will move to a new position or
within a new square region of smaller area. It can be shown
that no further improvement of the performance (that is,
reduction in r ) can be achieved by repeated use of the
algorithm.

We can generalize the process by assuming that each step in
the iteration is denoted by the index K , with the first step in
the iterationas k 1.

Now, consider a case where, the agents receive a broadcast
command containing the LP solution and a command to
randomly perturb the final orientation angle after the LP solution
has been implemented. In this, the orientation angle, after
implementing the LP solution is perturbed by each agent as,

ik ik 1

where, the perturbation angle is given by

ikl
ikl i

where,  is a random number generated by each agent

independently and
all the agents.

is a scaling angle which is common to

2.2.2 Flag Setting Approach

The main idea behind the flag setting approach is that each
agent ai randomly generates a flag fi that can take one of



two values. One is high , denoting an active agent and






fh

, denoting a passive agent. The set of
agents that have high flags (active) is degﬁ]tgqs et%yog and

otheris low  f

agents that have low flags (passive) isR .

Let the set of active agents attimethe Rt() {i | f f }and

Q‘@bsé’k@f{pﬁﬁ?’eﬁgeﬂﬁsﬁé tWRérei  ,n.Anactive

agent is one that will implement the broadcast command and
change its state whereas a passive agent will ignore the
command and remain stationary. The flag value for each agent
may or may not be observed by the central controller (CC). The
central controller has information of position and orientation of
all the agents (active and passive) at each

step. The control command § J SRR Y 8% roadcast to

all the agents, but only the active agents will move.

Let the position and orientation of active and passive agents
be (X . apl)’ gpd (x, ), respectively. After receiving

the broadcast command the new position of the active and
passive agents are

RC )0
Xak,l )Bk ak ,
X X

d

pk,1 pk
where, (, ) i the broadcast control command.

Now, we will propose five different algorithms obtained as
combination of the two randomization mechanisms described
in the previous section. They are denoted as A ,(, ,).(, ), F,, F,
&fdAfe Ehewlgdritiguse that introduced perturbation only in
the angle has been studied in [2].

)
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Figure 3: Taxonomy of the randomization mechanism based

algorithm

Table 1 : The different performance for the algorithm
(Y=Yes; N=No)

Algorithm Random Random LPsolved Movements
perturbation  flag using of agents
in orientation  setting agents
A Y N All All
(, 0)AF Y Y Active | Active
(, n)AF Y Y All Active
oF N Y Active | Active
= N Y all Active
2.3 Achieving Paositional Consensus at Desired Point
either enters in the sensing range of

In the previous section, we consider the problem of positional
consensus, but did not have control over the point at which
the agents can meet.

Suppose we have a pre-specified meeting point then we can
achieve this by slightly modifying the previous formulation.
In this modified form we define the meeting point as the

CRAEY MRS I EH DAL AR SSiRAS anflal
orientation and the meeting point. We can formulate the
modified linear programming problem as,

Minimize r

Subjectto r p wucos usin zr
i11i02i01

rp usin ugesi, 2

i 1, ,n

r O
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Distributed Control Algorithms

3 Distributed Control Algorithm

The present work proposes a new modified algorithm for
distributed implementation of a rendezvous algorithm based
on a modified decision domain. Previous work in this area
are done by Ando et al. [4] and Lin et al. [5] in two
dimensions, where each agent moves toward the rendezvous
point by performing a sequence of “stop-and-go” moves. The
stop mode is basically the sensing period and is an interval of
fixed length. In the go mode the agents will maneuver in an
interval of variable length and will move from its current
position to a new position. The algorithm proposed by Ando
et al. [4] has been extended to arbitrary dimensions by Cortes
et al. [6].



In our paper, as in Ando’s work, the sensing period is
assumed to be zero. Ando’s works use algorithms that
require determination of the smallest circle that contains a
given set of agent positions. These algorithms are called
“circumcenter algorithms”. Basically it is a special case with
dimension 2 of the miniball problem [7] in higher dimensions
The complexity of this problem is proved to be
sub-exponential of order  ne fa] inh) Y2dnin

d dimension of the space with n as the number of agents. So,
the number of actual computations is fairly high. In our work
we generalize the notion of sensing domain and decision
domain and show that by using a rectilinear decision domain
the computations can be simplified considerably, thus
bringing down the convergence time. We show that our
algorithm is far superior in terms of computational time than
Ando’s algorithm which is the standard algorithm in the
literature.  The comparison results between RDD and
Ando’s algorithm in 2D was given in [4]. In this work we
extended it to three dimension and the comparative results are
also given.

3.1 Preliminaries
Let R " 2{,aa , , a} be the set of robots or agents. The
positions of agent ais given by p.  (xy) [1.The
sensor domain of an agent a is denoted as S and its
decision domain is denoted by D , where D, S . Information

sensed from the decision domain is used to implement the
algorithm. Essentially, we introduce the concept that
information from the whole of the sensor domain need not be
used for decision-making. In Figure 7 we give a schematic of
these concepts. Note that, in general, p need not be inside S .

An agent determines its set of
neighbouring agents based on D.. In this work we assume
that the sensing domain (' S) of all the agents is circular
with radius r . The decision domain D is a square of
side2d, withdr /2 /2, aligned
global (,¥¥eference frametihis is shown in Figure 7.
The set of neighbors of%r§éﬁ?%?i§i8@fined as

N, {al(x xD dand(y, yD d.
Note that an agent is also its own neighbor, soa  N..

Also,ifa N thena N.InAndoetal [5]Sand
D are the same and are circles.

Let at t instant of time the position of agent a be

pﬁ((l?k{kl(@t( The (Blativbere i ,n

position of agent a with respect to its neighbor a (say) at
time instant t is, where j {,i, }. m

0 pO t,pL0

The outcome of this algorithm depends upon the set of
neighbors and the relative distance between the neighbor
agents. Hence, the position of agent a at instant t depends

UPBRSSHOT A5ARPIAE: e e HRAREIEHYE IILER can
ij 1
write p(t) =p(t) + U(t)

ikik L1ik 1

wiiterRstdit t) is thesGoRiFRkRATT AR EaRAgEMistance and

the set of neighbors. Hence we can write

ut) Nzl 15'% 2

D e

Si i 2

(a) (b)

Figure 4: (a) General sensor domain and decision
domain (b) The sensor domain is circular and the decision
domain is a square aligned with the global

X Y coordinates.

3.2 Rectilinear Decision Domain (RDD) Algorithm

The RDD (rectilinear decision domain) algorithm retains two
basic ideas for a general rendezvous problem (1) Agents who
are neighbours remain as neighbours and (2) Agents come
closer with each other in some sense till they meet at a point.
The RDD algorithm will execute these following steps

1 Each agent determines its neighbour set using its
decision domain.
2 Each agent constructs the smallest rectangle in

two dimensions (or cuboids in three dimensions) aligned
with the global coordinate axes that contain all the
members of its neighbour set.

3 Each agent computes the centroid of the
rectangle (or the cuboids) and moves to it.

To construct a rectangle or cuboids along the global reference
frame, an agent requires the information of the maximum and
minimum coordinates along any axes, which



is an one dimensional optimization problem over n points.
So the computational complexity of this algorithm is

n

Figure 8 lustate these g et NS 6 SO st

t . These steps are similar to Ando's algorithm [5], but for a
few significant differences. In Step 1, Ando's algorithm
determines neighbours using the sensor domain S . In Steps 2
and 3, Ando's algorithm computes the circumcenter of the
neighbours and moves toward it subject to a constraint. Unlike
RDD which allows the agents to move directly to the centroid,
Ando's algorithm may not allow the agents to reach the
centroid. These two important differences lead to high
computational complexity, and thus higher convergence time,
in Ando’s algorithm. In RDD, an agent

a uses the information P~ {(x,y)l& N}
wherea N, and computes max{ x }, min{x } , max{y }
and min{y } to obtain the rectangle. The computational

complexity of this operation is () On

9 ®
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Figure 5: Agents will move to the centroid of the
rectangle. The square with broken lines is the decision
domain of agent a and agent inside it belong to N..

The solid line rectangle is the smallest rectangle that
contains the agent in N..

Agent a will move to the centroid of the rectangle. The
square with broken lines is the decision domain of agent a
and agents inside it belong to N.. The solid rectangle is the
smallest rectangle that contains the agents in N..

It has been proved in [4] that any agent motion will be
confined within a square of side d centered at the current
position and aligned with the global reference frame. It is
also shown in that paper [4] that if any two agents are
neighbors at any time instant t then they will be neighbor

for all time instant tt .

3.3 Analysis of Rectilinear Decision Domain (RDD)
Algorithm

Let the global convex hull made by the positions of the

PPRRES BLENGHME IRSTANIhAR 5P BIBLBMER hull at the time
instanttas (()) maxOp() p(t)}
diaCot {t U where,

ij, {12, ,n}.Whenrendezvous is achieved the diameter
of the global convex hull is zero. We will first show that the
diameter of the global convex hull will reduce at each step.

Cetasstnensidesxfull made by the neighbor set of the agent a at
the time instant t, . Let the smallest rectangle containing the
neighbor set of  agenta,, and aligned along the global

goordinate axes, at time instant
kikile (-1t is obvious that Co (Rt 1R (t).

Lety — min{ yj} , Where y, is the y coordinate of a N.

Other variables are similarly defined. Then we have the
following result.

mid R () CHrRME X Wby Y))

It has been proved in [4] that mid (R anConftl)
((Rt)p@ota corner point of t 0.

Now consider any agent a . Let the maximum distance along
the X - axis on the right side between agent a and its

neighbors be d _and on the left side is d . Similarly, i
along the Y -axis the maximum distance above ais d_ i

and below of a is dby.The position of the agent a at time
instant (t ) will be

A e rx(tyz() (dyt() d )/(%I d)r2
ik 1likbyay

The movement of the agent a will depend iii
upon {dd d Theyagent a will be stationary if

Ix rx ay by ii 1i

d dandd d.Nextwe will use a result that
Ixrx ayby

Co tagents at the corner points of global convex hull ()
cannot remain stationary.

It can be proved that for any agent a which is at the corner of

()41 14 at least one non-located neighbor, both

d dandd d cannot be satisfied.
Ixrx ayby

Now, it is clear that agents at the corner of the convex will
move either inside of the convex hull or move along the
edges of the convex hull. It has been proved in [4] that Co t (

) Cot(,).Itisshown in [4] that the diameter



of the global convex hull will reduce at each step, so ((, )
dia Co t (f)The above result tells us that the sequence of
convex hulls, generated by the positions of the agents will
make a descending chain of convex sets.

According to the above results, those agents are at the corner
of the global convex hull, RDD algorithm give nonzero
control value. The convex hull made by neighbors of agent
at time instant is Co ()t {Zaﬂt'kikij, where

a N, Ithas been proved that U (.) is not a corner point

of Qeikunlessz, z, ---0z 0.

i2 im

Theorem: All the agents will converge to a point as t

Proof: ()b€the convex hull generated by the

points Ok 0of early corner Vit 0
coincides with the position pt()of, at lgast, one agent
aattimeinstantt.Since Cot(, ) Cot(,),thenitis

possible to define the convex set Co as the closure of the
intersection of all the ()for tCo t 0.

Let, V be a corner of Co . There exists a sequence of corners
Vt(),of Co t (), which converges to V as

t . Again, there existsavalue j {1, ..., N}, such
that p () f (Wt for infinite number of values of t .

Let us assume, without loss of generality, thatj 1. Now

let us select only those valuest of t withl 0,1, ... for

whichpt (), vt() foralll 0.

Since the number of neighbors of agent a is non- decreasing
ast . The maximum number of neighbors should be N .

As the number of neighbors is finite then we can discard a
finite number of values of | and by remembering the index
variable we can say that such number is constant (number of

neighbors will not change). As the set {(), pt1 0}, where
a  Nis infinite set of in
points and is a compact set then it has at least an
accumulation point P_. Then it is possible [9] to extract a

sequence of points converging to P,.

Let us select only those values of tnf\c/)vrh\évr%'%? pt'Ql,)

belongs to that sequence and let us rename
the variable | by r . This implies that ()cptvgrges to

Pi asr

Now, () z]'jp{prg,pl((a)rﬁuerges toP P

i 1,...,m 1 Letusassume by slight abuse of notation
that Vt() is , in the sensing region of X . We know

Ut) 1rd-p(t)
From the above equation we can say that U({ ) goes
asymptotically toVX , which is a corner of the convex

hull because V is a corner of the convex hull. According to
that condition, this can not happen unless all the points are at

SARR RASTHOIGhHIRCS PRI Bk ERf ans. So

point.
Now for any other agents two conditions can arise
Random Random

perturbation  flag using
in orientation  setting agents

Algorithm

of agents

A Y N All All

LPsolved Movements

LY. Y . i Acti
The| flssp 04 is similar to that given in [9 .'%%tl rgm tw%t%/aen

say that all the agents will converge to a poifit. The second
case is not possible as the initial graph is connected.

4 Simulation Results and Discussions

4.1 Simulations Results

In the first set of simulations we have three agents. Initially

we consider ((1,1),45°), ((5,4),135 ), and ((2,6), 45)as the
initial position and orientation angle of the three agents.
Using the perturbation technique, with normal distribution for

and a scaling angle of 120, the agents converge to a

point after a few iterations (see Figure 9). The )
convergence criterion for terminating the simulation was

when the value of r became less that 210

N 4 He =
3 B T
>3 05
- ® - Agent-1 .
2 - ¥ - Agent-2
Agent-3
1 a
1 2 3 4 5 0 5 10 15 20 25
X-AXIS ITERATON

(a) (b)

Figure 6: (a) Trajectory of the agents (b) Reduction in
I with iterations

In Figure 10, four snapshots for 10 agents have been shown
in two dimensions. Connectedness of the agent placement

was defined as follows; two agents are said to be connected
if they are within 2 units of each other. Although the initial



placement of the agents was random, we ensured that the
agents were connected, which implies that there exists at
least one path between any two agents. One can see that all
the agents eventually converge to a point. The system
converges when the maximum distance between the agents
along the global reference frame is less than the decision

domain distance , since the agents would converge to a






4.2 Comparison Results
The comparative study between Ando’s algorithm and the
RDD algorithm was carried out in this work. In Table 2, the
comparison of computational time to convergence is given.
The results show that RDD algorithm is superior in terms of
computational time. The average was taken over 25 runs. In
d Table 3comparison of the number of iterations to converge is
given. The iteration number in case of RDD algorithm is a
little higher than Ando’s algorithm. The reason behind this is
the decision domain in case of RDD algorithm is smaller than
Ando’s algorithm. However, this is easily offset by the fact
that RDD takes much less computational time per iteration.

Algorithm Random Random LP solved Movements In Table 4.5 we made a comparison
perturbation flag using of agents !

single point in the very next step.  In Figure 11 we placed
10 agents randomly in three dimensional space. One can see
that all the agents converge to a point.

in orientation | setting agents

between Ando and RDD algorithm in 3D space.

Table 2: Comparison of convergence time
) ‘ between Ando and RDD algorithm in two
B dimension

(a) (b) _
Time to Converge
. Agents
X % we 20 0.5856 0.0329 17.8065
’ - 0.1758 17.1544
. ) oo 0.5439 22.3360
15 40.7101 1.7395 23.4031
(b) (d) 0
Figure 7: 10 agents placed randomly converge to a point in 2D Table 3: Comparison of number of iterations

between Ando and algorithm in two dimensions

o: , L : . Number of Iterations to Converge
9
L Lo te n Number Ando RDD
s 9
3 B 1 5 B
0 0 7 0
Algorithm Random Random LP solved Movements
s @ C * o . perturbation | flag using of agents
- in orientation | setting agents
Random Random LPsolved Movements | A | Y | N | All | All
perturbation flag using of agents
in orientation = setting agents
‘S - Table 4 : Comparison of convergence time between
AT Y . N . All . All | Ando and RDD algorithm in three dimensions
o L , PR Time to Converge
vanso oot Ye T Number Ando RDD Ando/RDD
of Agents  (secs) (secs)  Ratio
20 36.70 0.03 1079
() (d)
50 543.72 0.12 4531
Figure 8: 10 agents placed randomly converge to a 100 2319.75 045 5074
oint
p 150 4655.62  1.63 2854



Table 5: Comparison of number of iterations between
Ando and algorithm in three dimensions

Algorithm Random Random LP solved Movements
perturbation flag using of agents
in orientation  setting agents
A Y N All All
(, 0)AF Y Y Active Active
( N )AF Y Y All Active
oF N Y Active Active
= N Y all Active
either entfers in the sensina ranae of

5 Conclusions

We presented and analyzed a rendezvous algorithm
considering a rectilinear decision domain. The computational
complexity of RDD algorithm is low compared to the well
established Ando’s algorithm in the literature. The RDD
algorithm is simpler in terms of few computations needed and
in relaxing the restriction on the movement of the agents to the
centroid of the rectangle.
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